This paper discusses minimum distance estimation method in the linear regression model with dependent errors which are strongly mixing. The regression parameters are estimated through the minimum distance estimation method, and asymptotic distributional properties of the estimators are discussed. A simulation study compares the performance of the minimum distance estimator with other well celebrated estimator. This simulation study shows the superiority of the minimum distance estimator over another estimator. KoulMde (R package) which was used for the simulation study is available online. See section 4 for the detail.
Introduction
Consider the linear regression model
where Eε i ≡ 0, x i = (1, x i2 , ..., x ip ) ′ ∈ R p with x ij , j = 2, · · · , p, i = 1, · · · , n being non random design variables, and where β = (β 1 , ..., β p ) ′ ∈ R p is the parameter vector of interest.
The methodology where the estimators are obtained by minimizing some dispersions or pseudo distances between the data and the underlying model is referred to as the minimum distance (m.d.) estimation method. In this paper we estimate regression parameter vector β by the m.d. estimation method when the collection of ε i in the model (1.1) is a dependent process. Let T 1 , ..., T n be independent identically distributed (i.i.d.) random variables (r.v.'s) with distribution function (d.f.) G ϑ where ϑ is unknown. The classical m.d. estimator of ϑ is obtained by minimizing following Cramèr-von Mises (CvM) type L 2 -distance
where G n is an empirical d.f. of T i 's and H is a integrating measure. There are multiple reasons as to why CvM type distance is preferred, including the asymptotic normality of the corresponding m.d. estimator; see, e.g., Parr and Schucany (1980) , Parr (1981) and Millar (1981) . Many researchers have tried various H's to obtain the m.d. estimators. Anderson and Darling (1952) proposed Anderson-Darling estimator obtained by using dG ϑ /{G ϑ (1 − G ϑ )} for dH. Another important example includes H(y) ≡ y, giving a rise to Hodges -Lehmann type estimators. If G n and G ϑ of the integrand are replaced with kernel density estimator and assumed density function of T i , the Hellinger distance estimators will be obtained; see Beran (1977) . Departing from one sample setup, Koul and DeWet (1983) extended the domain of the application of the m.d. estimation to the regression setup. On the assumption that ε i 's are i.i.d. r.v.'s with a known d.f. F , they proposed a class of the m.d. estimators by minimizing L 2 -distances between a weighted empirical d.f. and the error d.f. F . Koul (2002) extended this methodology to the case where error distribution is unknown but symmetric around zero. Furthermore, it was shown therein that when the regression model has independent nonGaussian errors the m.d. estimators of the regression parameters -obtained by minimizing L 2 -distance with various integrating measures -have the least asymptotic variance among other estimators including Wilcoxon rank, the least absolute deviation (LAD), the ordinary least squares (OLS) and normal scores estimators of β: e.g. the m.d. estimators obtained with a degenerate integrating measure display the least asymptotic variance when errors are independent Laplace r.v's.
However, the efficiency of the m.d. estimators depends on the assumption that errors are independent; with the errors being dependent, the m.d. estimation method will be less efficient than other estimators. Examples of the more efficient methods include the generalized least squares (GLS); GLS is nothing but regression of transformed y i on transformed x ′ i . The most prominent advantage of using the GLS method is "decorrelation" of errors as a result of the transformation. Motivated by efficiency of m.d. estimators -which was demonstrated in the case of independent non-Gaussian errors -and the desirable property of the GLS (decorrelation of the dependent errors), the author proposes generalized m.d. estimation method which is a mixture of the m.d. and the GLS methods: the m.d. estimation will be applied to the transformed variables. "Generalized" means the domain of the application of the m.d. method covers the case of dependent errors; to some extent, the main result of this paper generalizes the work of Koul (2002) . As the efficiency of the m.d. method is demonstrated in the case of independent errors, the main goal of this paper is to show that the generalized m.d. estimation method is still competitive when the linear regression model has dependent errors; indeed, the simulation study empirically shows that the main goal is achieved.
The rest of this article is organized as follows. In the next section, characteristics of dependent errors used through this paper is studied. Also, the CvM type distance and various processes -which we need in order to obtain the estimators of β -will be introduced. Section 3 describes the asymptotic distributions and some optimal properties of the estimators. Findings of a finite sample simulations are described in Section 4. All the proofs are deferred until Appendix. In the remainder of the paper, an Italic and boldfaced variable denotes a vector while a non-Italic and boldfaced variable denotes a matrix. An identity matrix will carry a suffix showing its dimension: e.g. I n×n denotes a n × n identity matrix. 
Strongly mixing process & CvM type distance
Let F l m be the σ-field generated by ε m , ε m+1 , ..., ε l , m ≤ l. The sequence {ε j , j ∈ Z} is said to satisfy the strongly mixing condition if
as k → ∞. α is referred to as mixing number. Chanda (1974) , Gorodetskii (1977) , Koul (1977) , and Withers (1979) investigated the decay rate of the mixing number. Having roots in their works, Section 3 defines the decay rate assumed in this paper; see, e.g., the assumption (a.8). Hereinafter the errors ε i 's are assumed to be strongly mixing with mixing number α. In addition, ε i is assumed to be stationary and symmetric around zero.
Next, we introduce the basic processes and the distance which are required to obtain desired result. Recall the model (1.1). Let X denote the n × p design matrix whose ith row vector is x ′ i . Then the model (1.1) can be expressed as
where y = (y 1 , y 2 , ..., y n ) ′ ∈ R n and ε = (ε 1 , ε 2 , ..., ε n ) ′ ∈ R n Let Q be any n × n real matrix so that the inverse of Q 2 is a positive definite symmetric matrix. Note that the diagonalization of positive definite symmetric matrix guarantees the existence of Q which is also a symmetric matrix. Let q ′ i = (q i1 , ..., q in ) for 1 ≤ i ≤ n denote the ith row vector of Q. Define transformed variables
As in the GLS method, Q obtained from covariance matrix of ε transforms dependent errors into uncorrelated ones, i.e., "decorrelates" the errors. However, the GLS obtains Q in a slightly different manner. Instead of using Q 2 , the GLS equates Q ′ Q to the inverse of the covariance matrix, i.e., the GLS uses Cholesky decomposition. The empirical result in Section 4 describes that Q from the diagonalization yields better estimators. Here we propose the class of the generalized m.d. estimators of the regression parameter upon varying Q. We impose Noether (1949) condition on QX. Now let A = (X ′ Q 2 X) −1/2 and a j denote jth 
Next, define CvM type distance from which the generalized m.d. estimator are obtained. Let f i and F i denote the density function and the d.f. of ε i , respectively. Analogue of (1.2) -with G n and G ϑ being replaced by empirical d.f. of ε i and F i -will be a reasonable candidate. However, the d.f. F i is rarely known. Since the original regression error ε i 's are assumed to be symmetric, the transformed error ε i 's are also symmetric; therefore we introduce, as in Koul (2002; Definition 5.3.1),
where I(·) is an indicator function, and H is a σ−finite measure on R and symmetric around 0, i.e., dH(−x) = −dH(x), x ∈ R. Subsequently, define β as
Next, define
where q ′ i is the ith row vector of Q and 0 = (0, ..., 0) ′ ∈ R n ; observe that Q i and Q are n × n and n 2 × n matrices, respectively. Define a n × n 2 matrix I f (y) so that its (i, j)th entry is f i (y)I(j = n(i − 1) + 1): e.g., (k, k(k − 1) + 1)th entry is f k (y) for all 1 ≤ k ≤ n and all other entries are zeros. Finally, define following matrices:
which are needed for the asymptotic properties of β. Let f
3 Asymptotic distribution of β
In this section we investigate the asymptotic distribution of β under the current setup. Note that minimizing L(·; Q) does not have the closed form solutions; only numerical solutions can be tried, and hence it would be impracticable to derive asymptotic distribution of β. To redress this issue,
where
Unlike L(·; Q), minimizing L * (·; Q) has the closed form solution. Therefore, it is not unreasonable to approximate the asymptotic distribution of β by one of β if L(·; Q) can be approximated by L * (·; Q). This idea is plausible under certain conditions which are called uniformly locally asymptotically quadratic; see Koul (2002, p.159 ) for the detail. Under these conditions, it was shown that difference between β and β converges to zero in probability; see theorem 5.4.1. The basic method of deriving the asymptotic properties of β is similar to that of sections 5.4, 5.5 of Koul (2002) . This method amounts to showing that L(β + Au; Q) is uniformly locally asymptotically quadratic in u belonging to a bounded set and
. To achieve these goals we need the following assumptions which in turn have roots in section 5.5 of Koul (2002).
(a.2) The integrating measure H is σ−finite and symmetric around 0, and
(a.3) For any real sequences {a n }, {b n }, b n − a n → 0,
where c does not depend on u and δ.
(a.5) For each u ∈ R p and all 1 ≤ k ≤ p,
(a.6) F i has a continuous density f i with respect to the Lebesgue measure on (R, B) for i = 1, 2, ..., n. (1 − F i )dH < ∞. The dependence of the errors now forces us to assume two stronger conditions (a.1) and (a.2).
Remark 3.2. Here we discuss examples of H and F that satisfy (A.2). Clearly it is satisfied by any finite measure H. Next consider the σ-finite measure H given by dH
Another useful example of a σ-finite measure H is given by H(y) ≡ y. For this measure, (a.2) is satisfied by many symmetric error d.f.s including normal, logistic, and Laplace. For example, for normal d.f., we do not have a closed form of the integral, but by using the well celebrated tail bound for normal distribution -see e.g., Theorem 1.4 of Durrett (2005) we obtain
Recall from Koul (2002) that the β corresponding to H(y) ≡ y is the extensions of the one sample Hodges-Lehmann estimator of the location parameter to the above regression model. We are ready to state the needed results. The first theorem establishes the needed uniformly locally asymptotically quadraticity while the corollary shows the boundedness of a suitably standardized β. E sup
Proof. See Appendix.
Corollary 3.1. Suppose that the assumptions of Theorem 3.1 hold. Then for any ǫ > 0, 0 < M < ∞ there exists an N ε , and 0 < c ǫ < ∞ such that
Theorem 3.2. Under the assumptions of Theorem 3.1,
where Σ is as in (2.2).
Proof. Note that the first term in the right-hand side is nothing but A −1 ( β −β). Therefore, 
Symmetry of the F i around 0 yields Eψ i ( ε j ) = 0 for 1 ≤ i, j ≤ n. Let Σ ZZ denote covariance matrix of AX ′ Q ′ Z n . Define a n × n matrix Σ ψ and write
Observe that
Now, we are ready to state the asymptotic distribution of β.
Lemma 3.1. Assume Σ ZZ is positive definite for all n ≥ p. In addition, assume that
where 0 = (0, ..., 0) ′ ∈ R p and I p×p is the p × p identity matrix.
Proof. To prove the claim, it suffices to show that for any λ ∈ R p , λ
asymptotically normally distributed. Note that
which is the sum as in the theorem 3.1 from Mehra and Rao (1975) with c ni = λ
Also, observe that
by assumption (A.1). Finally, we obtain lim inf
by the assumption that the terms in the denominator is O(1). Hence, the desired result follows from the theorem 3.1 of Mehra and Rao (1975).
Corollary 3.2. In addition to the assumptions of Theorem 3.1, let the assumption of Lemma 3.1 hold. Then Σ
Proof. Claim follows from Lemma 3.1 upon noting that
Remark 3.4. Let Asym( β) denote the asymptotic variance of β. Then we have
Observe that if all the transformed errors have the same distribution, i.e.,
we have
Therefore, Asym( β) will be simplified as
Moreover, if all the transformed errors are uncorrelated as a result of the transformation, Asym( β) can be simplified further as
Simulation studies
In this section the performance of the generalized m.d. estimator is compared with one of the GLS estimators. Let Ω := E(εε ′ ) and Ω denote covariance matrix of the errors and its estimate, respectively. Consequently we obtain the GLS estimator of β
In order to obtain the generalized m.d. estimator, we try two different Q's: Q s and Q c where
We refer to the generalized m.d. estimators corresponding to Q s and Q c as GMD1 and GMD2 estimators, respectively. In order to generate strongly mixing process for the dependent errors, the several restrictive conditions are required so that the mixing number α decays fast enough -i.e., the assumption (a.8) is met. Withers (1981) proposed the upperbound and the decay rate of the mixing number α. For the shake of completeness, we reproduce Theorem and Corollary 1 here.
Lemma 4.1. Let {ξ i } be independent r.v.s on R with characteristic functions {φ i } such that
Let {g v : v = 0, 1, 2, ...} be a sequence of complex numbers such that
Assume that
Then the sequence {ε n : ε n = ∞ v=0 g v ξ n−v } is strongly mixing with mixing number
To generate strongly mixing process by Lemma 4.1, we consider four independent ξ i 's: normal, Laplace, logistic, and mixture of the two normals (MTN). Note that all the ξ i 's have the finite second moments, and hence, we set δ at 2. It can be easily seen that for any κ > 7 we have η > 3, and hence the assumption (a.8) is satisfied. Then for ǫ > 0
satisfies the strongly mixing condition with α(k) = O(k −(3+ǫ) ). We let ǫ = 0.5, or equivalently, κ = 7.5. The ξ has a Laplace distribution if its density function is
while the density function of Logistic innovation is given by
When we generate {ξ i } n i=1 , we set mean of normal, Laplace, and logistic innovations at 0 (i.e., µ 1 = µ 2 = 0) since we assumed the ε, the sum of ξ i 's, is symmetric. We set the standard deviation of normal ξ at 2 while both s 1 and s 2 are set at 5 for Laplace and logistic, respectively. For MTN, we consider (1 − ǫ)N(0, 2 2 ) + ǫN(0, 10 2 ) where ǫ = 0.1. In each ξ, we subsequently generate {ε i } n i=1 using (4.1). Next, we set the true β = (−2, 3, 1.5, −4.3) ′ , i.e., p = 4. For each k = 2, 3, 4, we obtain
in (1.1) as a random sample from the uniform distribution on [0, 50];
is subsequently generated using models (1.1). We estimate β by the generalized m.d. and the GLS methods. We report empirical bias, standard error (SE), and mean squared error (MSE) of these estimators. We use the Lebesgue integrating measure, i.e., H(y) ≡ y. To obtain the generalized m.d. estimators, the author used R package KoulMde. The package is available from Comprehensive R Archive Network (CRAN) at https://cran.r-project.
org/web/packages/KoulMde/index.html. Table 1 Table 1 : Bias, SE, and MSE of estimators with n = 50.
As we expected, both biases and SE's of all estimators decrease as n increases. First, we consider the normal ξ's. When ξ's are normal, the GLS and GMD1 estimators display the best performance; GLS and GMD1 show similar biases, SE's, and hence MSE's. GMD2 estimators show slightly worse performance than aforementioned ones; they display similar or smaller bias -e.g. estimators corresponding to n = 50 and β 1 , β 3 , β 4 -while they always have larger SE's which in turn cause larger MSE's. Therefore, we conclude that GLS and GMD1 show similar performance to each other but better one than GMD2 when ξ's are normal.
For non-Gaussian ξ's, we come up with a different conclusion: the GMD1 estimators outperform all other estimators while The GLS and GMD2 estimators display the similar Table 2 : Bias, SE, and MSE of estimators with n = 100.
performance. Note that weighing the merits of the GLS, the GMD1, and the GMD2 estimators in terms of bias is hard. For example, for the Laplace ξ when n = 50, the GLS and GMD1 estimators of all β i 's show the almost same biases; the GMD2 estimator of β 1 (β 4 ) show smaller (larger) bias than the GLS and the GMD1 estimators. When we consider the SE, the GMD1 estimators display the least SE's regardless of n's and ξ's. The GLS and the GMD2 estimators show somewhat similar SE's when ξ is Laplace or logistic; however, the GMD2 estimators have smaller SE's than the GLS ones when ξ is MTN. As a result, the GMD1 estimators display the least MSE for all non-Gaussian ξ's and n's; the GMD2 and the GLS -corresponding to Laplace or logistic ξ's -show similar MSE's while the GMD2 estimators show smaller MSE than the GLS ones when ξ is MTN. section. Define for k = 1, 2, ..., p, u ∈ R p , y ∈ R,
where 0 = (0, 0, ..., 0) ′ ∈ R p . Note that the last term of the integrand is the kth coordinate
H norms of the first four terms of the integrand are o p (1), then applying Cauchy-Schwarz (C-S) inequality on the cross product terms in (A.3) will complete the proof. Therefore to prove theorem it suffices to show that for all k = 1, 2, ..., p
where sup is taken over u ≤ b. Here we consider the proof of the case +y only. The similar facts will hold for the case −y.
Therefore, (A.6) immediately follows from (A.2) and (A.7). The proof of (A.5) does not involve the dependence of errors, and hence, it is the same as the proof of (5.5.11) of Koul (2002) . Thus, we shall prove (A.4), thereby completing the proof of theorem.
To begin with let The last inequality follows from the assumption (A.8.6), thereby completing the proof of lemma. Now, we consider the cross product terms of E W ku − W k0 we obtain, for some 0 < C < ∞,
